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Abstract 

Graph Theory is a discipline of mathematics with numerous 

outstanding issues and applications in a variety of sectors of 

mathematics and science. The chromatic polynomial is a type of 

polynomial that has useful and attractive qualities. Ehrhart's 

polynomials and chromatic analysis are two essential techniques for 

graph analysis. They both provide insight into the graph's structure but 

in different ways. The relationship between chromatic and Ehrhart 

polynomials is an area of active research that has implications for 

graph theory, combinatorial, and other fields. By understanding the 

relationship between these two polynomials, one can better understand 

the structure of graphs and how they interact with each other. This can 

help us to solve complex problems in our lives more efficiently and 

effectively. This work gives the relationship between these two 

essential polynomials and the proof of theorems and an application 

related to these works was discussed, which is the model Physical Cell 

ID (PCID). 
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1. Introduction 

A pair            comprising a set V and a multiset     {{    }        }, is referred to as a graph G. Elements 

that are vertices or nodes of   make up the set  . The edges of   are in the set   [1] discovered the chromatic 

polynomial in 1912 while attempting to prove the four coloring theorem. Since the four-color theory was first 

hypothesized in 1852, proving it would have been a significant event. Graph coloring G with   coloring, is a 

map Ø    {       } with dimension n, and the set of colors {       }. A proper  -coloring of the vectors 

Ø    {       } is mapped with the coloring           whenever   and   are adjacent. The number of 

appropriate graph colorings is counted as a function of n colors by the chromatic polynomial        [2]. Richard 

Stanley first proposed the idea of counting order-preserving maps and its connection to chromatic polynomials in 

1970. In other words, given a finite set {          }     , the smallest convex set containing those points is 

the polytope  .   is the convex hull of a finite number of points in   . We refer to    is interior as  . For some 

       and polytope  ,    is a dilated polytope if    {              }                }. In Ehrhart's 

theory, the number of lattice points in integral dilates of   is investigated using lattice polytope in    with d 

dimensions. For      , the lattice point enumerator for the  th
 dilate is       = #(      ). The polynomial 

      has degree k, with rational coefficients known as the Ehrhart polynomial [3], A lot of applications can be 

found on [4,5,6 ]. The order polynomial is studied in two areas of mathematics: algebraic graph theory and 

algebraic combinatorics. The order polynomial counts the number of order-preserving maps from a poset to an 
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n-dimensional chain. Richard P. Stanley created these order-preserving maps in 1971 while working on his 

Ph.D. at Harvard University under the direction of Gian-Carlo Rota and researching ordered structures and 

partitions. In [7] it presents two different geometric explanations for  . Although the order polytope is our 

primary concern, these two polytopes share some intriguing findings. By maintaining an acyclic orientation, a 

link may be established between the chromatic polynomials of graph   and the Ehrhart polynomials of the order 

polytope compatible with various poset in  . The relationship between chromatic polynomials and Ehrhart 

polynomials has been studied extensively in the field of mathematics, leading to a variety of applications. This 

relationship has been used to solve problems in graph theory, combinatorics, and geometry, among other areas. 

[8,9, 10]. It has also provided insight into the properties of convex polytopes and their associated graphs. By 

understanding the underlying principles behind this relationship, researchers have been able to develop 

algorithms that can be used to solve various problems related to chromatic polynomials and Ehrhart polynomials. 

[11,12, 13]. Some of the most important applications of this relationship and how they can be used to solve 

various real-world problems were discussed. This article defines partially ordered groups and the connection 

between non-periodic modes and graphs. The reciprocity theorem, and order polynomials Ω    are also 

discussed, in this work, theorems including the connection between order polytope and chromatic polynomials 

are given. Additionally, the series' numerator polynomial     is decomposing as, 

 

∑        
      

                  (1) 

were    is a polynomial with a nonnegative integer coefficient. 

  
2. Preliminaries 

This section presents some essential ideas and theorems which are pertinent to our work.  

Definition 1[7]: A set   with a binary relation        that satisfies three requirements is referred to as a 

partially ordered set or poset. 

 Reflexivity, if      then      .  

 Ant symmetry, if       and       then       

 and Transitivity, if       and       then      . 

Definition 2 [1]: Each pair of vertices in a complete graph is connected by an edge. 

Definition 3 [7]: An orientation of   is the designation of a direction by the symbols     or     to each 

edge   . If there are no coherently directed cycles in an orientation of  , it is acyclic. Figure 1 (a,b) shows 

that    with an acyclic orientation and a noncyclic orientation respectively. 

    

  

 

 

 

Figure 1: (a) an acyclic orientation of   , (b) a noncyclic orientation. 

Definition 4[ 7]: Let   denote a finite poset and   denote an    length chain. A chain is an ordered set, 

specifically the set {       } with the natural order. A map Ø      is order preserving if     implies 

that          . Let       be the number of such order-preserving maps, and the order polynomial      
       is the function that counts their number. 

(a) (b) 
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Definition 5 [7]: an order polynomial that counts the number of strictly order-preserving maps Ø     , 

meaning     implies          . Let   
     be the number of such strict-order polynomials then       

       . 

Definition 6 [14]: A symmetric polynomial is a polynomial where if it switches any pair of variables, it remains 

the same. For example,                                is a symmetric polynomial, since switching 

any pair, say   and  , the resulting polynomial                                is the same as the 

initial polynomial 

Definition 7 [15]: The set of points              in    with        and if          then       is the 

order polytope       of a poset   with elements {          }, each point              of      is identified 

with the function                .  

Definition 8 [16]:. A series of rational numbers known as the Bernoulli numbers B n frequently appears in 

analysis. The Euler-Maclaurin formula, Faulhaber's formula for the sum of the      powers of the first n 

positive integers, Taylor series expansions of the tangent and hyperbolic tangent functions, and expressions for 

specific Riemann zeta function values can all be used to define the Bernoulli numbers   . The table below 

contains a list of the first 20 Bernoulli numbers. 

Table 1: Bernoulli numbers. 

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
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Theorem 1[7]: Order-preserving maps and strictly order-preserving maps are connected that is, 

                          (2) 

This restores the negative binomial identity in the case of a chain. The chromatic polynomial and the Ehrhart 

polynomial, both of which are special cases of Stanley's general Reciprocity Theorem, yield similar results. 

Theorem 2[17]: The formulas relate the polynomials       and   
     to the Ehrhart polynomial of the order 

polytope    are, 

    
           ,    

       
              (3) 

Theorem 3[7]: The sum of the strict order polynomials for all acyclic orientations   of a graph   is the 

chromatic polynomial      . 

      ∑   
                      (4) 

 

Theorem 4[18]: For any nonnegative integer    let   be the poset with one minimal element covered by   other 

elements. It has the Ehrhart polynomial of the order polytope       

            ∑
                

     
 
   ( 

 
)    

 

   
            (5) 

Were,    is the     Bernoulli numbers.  
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Theorem 5[18]: For any positive integer   satisfying         , the coefficient of t   of           is 

negative if and only if            and 4 divides         Hence, the order polytope      is Ehrhart 

positive if and only if          

3. Main Results 

The relationship between chromatic and Ehrhart polynomials has been studied extensively in mathematics. In 

this section, we will explore the proofs of theorems that link these two polynomials. We will look at how 

chromatic polynomials can be used to determine Ehrhart polynomials, and vice versa. We will also discuss the 

use cases of these theorems in various contexts. 

Theorem 6: Let G be a graph with n vertices,      define the Ehrhart polynomial as    
, then the relationship 

between chromatic polynomial and Ehrhart polynomial for graphs is: 

       ∑             
                         (6) 

Proof: By using theorem 1 

                   

    
                

            

    
       

      . 

 So,     
             

    
              

            
                       

    . 

 Then,             
         

            ∑   
                

This is the result.  

Theorem 7: Let      be an order polytope of dimension   and let     be the numerator polynomial of the series 

∑        
      

                 (7) 

Then     can be decomposed as                       where the polynomials      and      are symmetric 

with          
 

 
  and b(z) =      

 

 
  , and so that      and       have nonnegative coefficients. 

Proof: By using theorem (2) 

    
                   (8) 

And theorem (1)                             (9) 

The following were obtained 

    
       

                (10) 

Put them in ∑        
      

                  (11) 
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The results depend on the Bernoulli formula  

 

            ∑
                

     
 
   ( 

 
)    

 

   
                (12) 

According to the relationship between Bernoulli and Eulerian numbers 

   ∑ (
 
 
)             

    

   

 
   )            (13) 

So       ∑            
               (14) 

Were the coefficients of the polynomial given by Eulerian numbers that count the number of permutations of 

{1,…,n} which have k descent., [19]. This means that it gives a symmetric polynomial that satisfying  

             
 

 
             (15) 

So the numerator        is equal     (
 

 
) =z       , so by decomposition for       , a(z)=0 and b(z)=      , 

that satisfies the required conditions.  

For example to find the Ehrhart polynomial           of order polytope     , of          
        : 

            ∑
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)   

 

   
              (16) 
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Moreover, by direct computation, we see that the linear coefficient of           equals  
 

 
 , which is negative. 

4. Application for the Ehrhart and Chromatic Polynomials 

The problem of graph coloring in large, intricate networks like social and informational ones, on the other hand, 

is a fundamental component of many applications in which the goal is to divide a set of entities into classes 

where two related entities are not in the same class while also minimizing the number of classes used. Despite 

being useful in a variety of fields (e.g., engineering, scientific computing) [20, 21]. The application, therefore, is 

given to discuss our idea.  

1. Numerical Computation Application 

A femtocell is a small, low-power cellular base station, typically designed for use in a home or small business. A 

broader term that is more widespread in the industry is small cell, with femtocell as a subset. The model (PCID) 

allocation problem with random graph coloring problem. Bernoulli random graph model to model deployment 

scenarios of femtocells, whereas is apply, to allocate PCIDs efficiently graph coloring based PCIDs allocation 

scheme, is proposed. Model allocation of PCID as a random Graph colorization problem in femtocellular 

networks. to solve the problem of PCID allocation at the lowest possible computational cost using the chromatic 

polynomial of random graphs or order polytope such that cells are overlapping femtocells that are colored 

differently to avoid a collision. As a result, Figure 2-b depicts each femtocell with its own set of f nodes. An 

undirected edge connects neighboring nodes. To avoid constraint confusion in networks second-order neighbors 

are also connected to the same edges in networks. The color will not map until a second-order node is reached, 

as illustrated in Fig. 2c. 3D shape depicts a scenario in which any algorithm can be used to colorize the graph to 

avoid collisions, and within confusion. The number of colors required to color all of the graph's vertices.  
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Figure 2: PCID allocation in femtocellular networks is transformed into a graph coloring algorithm. 

5. Conclusions 

Graph theory has a wide range of areas that depend on the properties of graphs, which are in combinatorial 

optimization, graph coloring fundamental issues with many applications, such as timetabling and scheduling, 

frequency assignment, register allocation, and more recently, the analysis of networks of human subjects. The 

relationship between chromatic and Ehrhart polynomials is meaningful in combinatorial mathematics. This work 

provided the proofs of theorems that relate the two polynomials, allowing us to better understand how they are 

related. We describe how each polynomial's coefficients are described, their respective properties, and how these 

can be used to prove various results. By understanding these relationships, we can more effectively use both 

chromatic and Ehrhart polynomials to solve problems in combinatorics. More works using this relationship were 

found in [22].  

 

Acknowledgement 
The authors would like to thank the University of Technology, Baghdad, Iraq, for technical, instrumental, and 

infrastructural support during this study. 

 

Conflict of Interest 

The authors declare that they have no conflict of interest. 

References 

[1] R.J. Trudeau, “Introduction to graph theory. Courier Corporation”, 2013. 

[2] T.Hubai, and L.László, “The chromatic polynomial”, PhD, Eötvös Loránd University, 2009  

(a) Femtocellular LTE-A network topology  (b) Each femtocellular is represented by a node. 

Neighboring nodes are connected via edges.  

(c) To avoid confusion 2nd-degree neighbors are 

connected via the edges algorithm.  

 (d)Now PCID assignment can be done by a graph 

coloring 



Journal of Applied Sciences and Nanotechnology, Vol. 3, No. 4 (2023) 

 

68 

[3] B.J. Braun, “Ehrhart theory for lattice polytopes”, PhD, School of Arts and Sciences ,Washington 

University, Saint Louis, Missouri , America, 2007. 

[4] S.A., Salman, A. K. Faraj, and A. S. Dawood, “The Relationship between the Stasheff Polytope and Painted 

Trees Using Tubings”, Engineering and Technology Journal , vol. 34, no. 1 Part (B) Scientific,pp. 46-58, 

2016. 

[5] S. A. Salman, and A. Hussin, “The Minimum Cost for the Vascular Network using linear programming 

based its path graph”, Iraqi journal of science, vol. 60, no. 4, pp.859-867, 2019. 

[6] S. A. Salman, and A. H. Abd-Almeer, “Clotting detection in the vascular network”, Indonesian Journal of 

Electrical Engineering and Computer Science, vol. 20, no. 2 , pp.1103-1108 , 2020. 

[7] G.Karunaratne, “Decompositions of bivariate order polynomials”, MSc.thesis, Cina Karunaratne, 2017. 

[8] S. A. Salman, “Lattice Point and Its Application in RSA Cryptosystem”, Energy Procedia, vol. 157 , pp. 39-

42 , 2019.  

[9] S.A. Salman and F. A. Sadic, “The Ehrhart polynomials of the cyclic polytope” , Engineering and 

Technology Journal, vol. 14, no. 27, pp. 2631-2624, 2009. 

[10] S. A. Salman, “Computing The number of integral points in 4-dimensional ball using Tutte polynomia.”, 

Engineering and Technology Journal, vol. 33, no. 8 Part (B) Scientific), pp. 1420-1429, 2015. 

[11] T.B. Taha, A.A Barzinjy, F.H. Hussain, et al. “Nanotechnology and computer science: Trends and 

advances.” Memories-Materials, Devices, Circuits and Systems (2022): 100011.  

[12] M.S. El Naschie, “On a Non-Perturbative Quantum Relativity Theory Leading to a Casimir-Dark Energy 

Nanotech Reactor Proposal”, Open Journal of Applied Sciences, vol. 5.07, pp. 313, 2015.  

[13] S.Salah , A. O. Ahmed, and M. N. Al-Harere, “Calculating Modern Roman Domination of Fan Graph and 

Double Fan Graph." Journal of Applied Sciences and Nanotechnology, vol. 2, no. 2, 2022. 

[14] I.G. Macdonald, “Symmetric Functions and Hall Polynomials”, Oxford Mathematical Monographs. Oxford: 

Clarendon Press, 1979.  

[15] K.Mészáros, H. M Alejandro and J. Striker, “On flow polytopes, order polytopes, and certain faces of the 

alternating sign matrix polytope”, Discrete & Computational Geometry, vol. 62, pp. 128–163, 2019.  

[16] N. Larson, “ The Bernoulli numbers: a brief primer ”, Whitman College, 2019.  

[17] E.León, “Stapledon decompositions and inequalities for coefficients of chromatic polynomials”, Séminaire 

Lotharingien de Combinatoire 78B (2017) Proceedings of the 29th Conference on Formal Power. Article 

#24, pp. 12, Series and Algebraic Combinatorics (London). 

[18] F. Liu, and T. Akiyoshi ,"Stanley's non-Ehrhart-positive order polytopes”, Advances in Applied 

Mathematics, vol. 108 , pp. 1-10, 2019.  

[19] M.Beck and S.Robins, “Computing the continuous discretely. Undergraduate texts in Mathematics”, 

Springer, 2007.  

[20] A.Pratap, M Rajiv and G.Utkarsh, “Randomized graph coloring algorithm for physical cell id assignment in 

lte-a femtocellular networks.” Wireless Personal Communications, vol.  91, pp. 1213-1235, 2016. 

[21] S. A. Salman, “On the number of lattice points in n-dimensional space with an application” Computer 

Science, vol. 16, no. 2, pp. 705-712, 2021. 

[22] O. A. Neamah, S. A.Salman, “The relationship between chromatic polynomial and Tutte polynomial for 

rooted graphs and tree ”, International Journal of Mathematics and Computer Science, vol. 18 , no. 1, pp. 1-

10, 2023. 

 

 


