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A B S T R A C T 

In the context of game theory, cooperative game has been applied in 

several fields and can be successfully used to evaluate the players 

(people or companies) involved. In cooperative game theory, the core 

is a concept that represents the set of feasible allocations (or 

distributions of total payoff) among players that cannot be improved 

upon by any coalition of players. This paper aims to apply a 

mathematical model to modeling cooperation among power stations 

and fuel supply producers using a core value-based optimization 

algorithm. We use the cooperative game to show the potential cost in 

cooperation through an optimization algorithm to find the most feasible 

solution using the Python program as a working procedure. Then, we 

apply the working method to the case of fuel supply and electricity 

generation in Wasit Thermal Power Plant in cooperation. The 

outcomes of the proposed methodology will greatly help professionals 

to formulate and improve well-structured strategies for future electrical 

energy systems in the Wasit Thermal Power Plant. 
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1. Introduction 

The various industrial developments in electrical energy based on different types of electrical energy give great 

importance to the electrical energy sector. Hence, there is an increasing interest in using scientific methods, 

developing productive capabilities to make decisions and improve well-structured strategies for future electrical 

energy systems. For this purpose, many research studies investigate different optimization techniques of 

electrical power systems [1-4].  Although electrical power optimization is widely regarded as the epitome of 

modernity, there is growing skepticism among individuals in nations that have adopted these programs, 

particularly in locations such as Iraq, over their actual efficacy. It has been shown that the expense of optimizing 

energy production can be substantial compared to the advantages and profits it brings. 

In the context of game theory, cooperative game has been applied in the several fields [5-13] and can be 

successfully used to evaluate the players (people or companies) involved. The concept of interactions among 

players has been applied to several problems in the decision theory [14-21]. In cooperative game theory, the core 

[22] is a concept that represents the set of feasible allocations (or distributions of total payoff) among players 

that cannot be improved upon by any coalition of players. In other words, an allocation is in the core if no subset 

of players (a coalition) can form their group and achieve a better payoff than what they receive in the allocation. 
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In this study, we apply a mathematical model to modeling cooperation among power stations and fuel supply 

producers using the core in the cooperative games to evaluate the costs between power plants and oil producers 

in oil fields through optimization algorithm and Python program as a working procedure to find the most feasible 

solution. Then we apply a working method to study the case of fuel supply and electricity production in the 

Wassit* thermal station in case of cooperation. 

The outline of his paper is organized as follows. Section 2 introduces an overview of the core of the cooperative 

games.  A mathematical model for modeling cooperation in the power electric system is presented in Section 3. 

In the Section 4, we propose a case study of the process of fuel supply and electric power production in the 

Wassit thermal station using the core in the cooperative games. Section 5 introduces a comparative analysis of 

the results. Finally, we provide the conclusions in section 6.  

2. An Overview of the Core in the Cooperative Games 

Let 𝑁 =  {1, . . . , 𝑛} be a universal set of players, the notation of cooperative game is specified by a pair (𝑁, 𝑣), 

where 𝑣 is a function of coalition value. For each coalition, Ø ≠ 𝑆 ⊆ 𝑁, a function 𝑣(𝑆) gaves the profits that 

any group of players can obtain, which is called the characteristic function of the game. Note that the 

characteristic function of the empty Ø set is 𝑣 (Ø)  = 0.  

In the context of game theory, the definition of core value can be utilized as a solution concept of the game and 

provides a collaborative structure that balances the power of cooperation in cooperative game problems. The 

core in a cooperative game refers to a set of payoff distributions among players (participants in the game) such 

that no subset of players (called a coalition) would benefit by breaking away from the grand coalition (the entire 

group) and forming a smaller coalition.  

In simpler terms, an allocation (or distribution of the total profit) is at the core if every coalition of players is at 

least as well off sticking with the grand coalition as they would be on their own. The following definition gives 

the core value (𝐶𝑜𝑟𝑒 (𝑁, 𝑣))  in the cooperative game. 

Definition 1 [22].  Consider a cooperative game with a set of players 𝑁 = {1,2, … , 𝑛}  and a characteristic 

function 𝑣 ∶  2N  →  𝑅 that assigns a value 𝑣(𝑆) to each coalition Ø ≠ 𝑆 ⊆ 𝑁. The core 𝐶𝑜𝑟𝑒 (𝑁, 𝑣) is the set of 

all payoff distributions (𝑥1, 𝑥2, … , 𝑥𝑛) satisfying: 

1. Efficiency: The total payoff is distributed among all players 

∑ 𝑥𝑖

𝑛

𝑖=1

= 𝑣(𝑁) 

2. Coalitional Rationality: No coalition 𝑆 ⊆ 𝑁 can achieve a payoff greater than the sum of payoffs 

allocated to its members: 

∑ 𝑥𝑖

𝑖∈𝐶

≥ 𝑣(𝑆)  ∀ 𝑆 ⊆ 𝑁. 

That is, 

𝐶𝑜𝑟𝑒 (𝑁, 𝑣) = {(𝑥1, … , 𝑥𝑛) ∈ 𝑅𝑛: ∑ 𝑥𝑖

𝑛

𝑖=1

= 𝑣(𝑁),   ∑ 𝑥𝑖

𝑖∈𝐶

≥ 𝑣(𝑆)  ∀ 𝑆 ⊆ 𝑁}                          (1) 

                                                      
* The Wassit thermal station is located in the Al-Zubaidiyah district, Wassit city of Iraq.     
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Example 1: Consider a scenario where three companies (A, B, and C) are oil producers. They can cooperate to 

maximize their total profit from oil production, but each company also has the option to produce and sell oil 

independently or form smaller coalitions. 

The coalition values: 

 Let (𝐴) = 30 , 𝑣(𝐵) = 40, and 𝑣(𝐶) = 20. These values represent the profits if each company works 

alone. 

 If companies A and B form a coalition, they can achieve a profit of 𝑣(𝐴, 𝐵) = 90 because of 

efficiencies and shared resources. 

 If companies B and C form a coalition, they can achieve 𝑣(𝐵, 𝐶) = 80. 

 If companies A and C form a coalition, they can achieve 𝑣(𝐴, 𝐶) = 60. 

 If all three companies cooperate the total profit is 𝑣(𝐴, 𝐵, 𝐶) = 120 

The core calculation: 

 The total profit 𝑣(𝐴, 𝐵, 𝐶) = 120  must be divided among companies A, B, and C. 

 The distribution (𝑥𝐴 , 𝑥𝐵 , 𝑥𝐶) of the total profit must satisfy: 

1. Efficiency: 𝑥𝐴 + 𝑥𝐵 + 𝑥𝐶 = 120 . 

2. Coalitional Rationality: 

- 𝑥𝐴 ≥ 30 (A would not accept less than what it could earn alone). 

- 𝑥𝐵 ≥ 40  (B would not accept less than what it could earn alone 

- 𝑥𝐶 ≥ 20  (C would not accept less than what it could earn alone). 

- 𝑥𝐴 + 𝑥𝐵 ≥ 90 (A and B together want at least as much as they earn as a coalition). 

- 𝑥𝐵 + 𝑥𝐶 ≥ 80 (B and C together want at least as much as they could earn as a coalition).  

- 𝑥𝐴 + 𝑥𝐶 ≥ 60 (A and C together want at least as much as they could earn as a coalition). 

Therefore, the core of this cooperative game: 

One possible allocation in the core could be 𝑥𝐴= 30, 𝑥𝐵 = 60, and 𝑥𝐶 = 30. This satisfies efficiency and 

coalitional rationality.  

No subset of companies can do better in this distribution by breaking away from the grand coalition, making it 

stable and part of the core. If the distribution were outside the core, some companies would be incentivized to 

form a smaller coalition and earn more than they do in the grand coalition. 

Therefore, the core represents the set of feasible allocations (or distributions of total payoff) among players that 

cannot be improved upon by any coalition of players. 

3. A Mathematical Model for Electric Power Systems 

This section describes a mathematical model of the cooperative game problem for modeling the general conflict 

among fuel supply producers and electric power stations using a core value-based optimization algorithm. Game 

theory is based on mathematical models of interactions between players or firms in a typical conflict. In our 

model, the common conflict between fuel supply producers and electric power stations can be formalized as a 

cooperative game with characteristic function v(S), where fuel supply producers are considered players, and their 

profit is the payoff.  

Let 𝑀 = {1, … , 𝑚} be a set of electrical power stations, 𝐸1
𝑐 , … , 𝐸𝑚

𝑐  denote their capacities and  𝐸1
𝑔

, … , 𝐸𝑚
𝑔

  denote 

their gate charges.  The matrix defines the transportation costs [𝑐𝑖,𝑗
𝑡 ], where 𝑐𝑖,𝑗

𝑡  denotes the cost of transportation 

from the point of origin to the station (i.e., from the fuel supply producer 𝑖∈𝑁 to the electric power station 𝑗∈𝑀). 
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The amount of fuel sent by the producer 𝑖∈𝑁 to the electric power station 𝑗∈𝑀 in barrels is denoted by 𝑥𝑖,𝑗. The 

set of fuel supply producers is 𝑁 = {1, … , 𝑛}, and their supply productions are 𝐸1
𝑝

, … , 𝐸𝑛
𝑝

 . 

The characteristic of the characteristic function 𝑣(𝑆), 𝑆 ⊆ 𝑁 is given by the following form as an optimization 

model (adapted from [12]). 

The optimization model of the characteristic function 𝑣(𝑆)  

 

𝑣(𝑆) =  Min
𝑥𝑖,𝑗: 𝑖∈𝑆,𝑗∈𝑀

∑ ∑(𝑐𝑖,𝑗
𝑡 + 𝑐𝑗

𝑝
) 𝑥𝑖,𝑗

 𝑖∈𝑆𝑗∈𝑀

                                                                                           (2) 

 

Subject to 

 

∑ 𝑥𝑖,𝑗

𝑖∈𝑆

≤ 𝐸𝑗
𝑐 − ∑ 𝑥𝑖,𝑗

,

𝑖∈𝑁∖𝑆

 ,      ∀𝑗 ∈ 𝑀, 

∑ 𝑥𝑖,𝑗

𝑗∈𝑀

= 𝐸𝑖
𝑝
,      ∀𝑖 ∈ 𝑆 

𝑥𝑖,𝑗 ≥ 0,          ∀ 𝑖 ∈ 𝑆,   𝑗 ∈ 𝑀, 

 

where  

{𝑥𝑖,𝑗
,

: 𝑖 ∈ 𝑁 ∖ 𝑆 , ∀  𝑗 ∈ 𝑀} =  Min
𝑥𝑖,𝑗: 𝑖∈𝑁∖𝑆,𝑗∈𝑀

∑ ∑ (𝑐𝑖,𝑗
𝑡 +  𝑐𝑗

𝑝
) 𝑥𝑖,𝑗 

 𝑖∈𝑁∖𝑆𝑗∈𝑀

 

and  

∑ 𝑥𝑖,𝑗

𝑖∈𝑁∖𝑆

≤ 𝐸𝑗
𝑐 ,      ∀𝑗 ∈ 𝑀, 

∑ 𝑥𝑖,𝑗

𝑗∈𝑀

= 𝐸𝑖
𝑝
,      ∀𝑖 ∈ 𝑁 ∖ 𝑆, 

𝑥𝑖,𝑗 ≥ 0,          ∀ 𝑖 ∈ 𝑁 ∖ 𝑆,   𝑗 ∈ 𝑀. 

 

The fuel handling costs are calculated from the sum of the transportation costs and gate fees multiplied by the 

amount of fuel handled. The value of the characteristic function v(S) corresponds to the minimum total costs of 

the coalition members who made the correct decision after a coalition of all outsiders minimized the total cost of 

the operation. It provides an estimate of the cost of the case scenario in the conflict of setting up the power plant 

and fuel supply producers.  

Consequently, the characteristic function will serve as the basis for all classes of games evaluated. In order to 

achieve a fair allocation of the cooperative game problem to the power plant and fuel supply producers, the 

resulting costs are compared using the Core values explained in Section 2 with a written algorithm and computer 

program (Python program) as a practical procedure. The process of computing the values of the characteristic 

function and the Core value is outlined in Algorithm 1. 
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Algorithm 1: The calculations of the characteristic functions and the core values. 

Step1: For  𝑵 =  {𝟏, … , 𝒏},  𝑴 =  {𝟏, … , 𝒎},  

Input: the costs of transportation fuel (𝒄𝟏,𝟏
𝒕 , … , 𝒄𝒏,𝒎

𝒕 ), and Pipelines transfer fees (𝒄𝟏
𝑷, … , 𝒄𝒎

𝑷 ),    

Step2:  

  𝑓𝑜𝑟    𝑖 ∈  𝑆,   𝑆 ⊆ 𝑁 

𝑓𝑜𝑟 𝑎𝑙𝑙  𝑗 = 1 𝑡𝑜 𝑚 do 

Input:  𝑥𝑖,𝑗 ; 

 

Step3: if 

𝑥𝑖,𝑗
′ = Min

𝑥𝑖,𝑗: 𝑖∈𝑁∖𝑆,𝑗∈𝑀

∑ ∑ (𝑐𝑖,𝑗
𝑡 + 𝑐𝑗

𝑝
) 𝑥𝑖,𝑗 

 𝑖∈𝑁∖𝑆𝑗∈𝑀

;  

       end if 

              𝑒𝑛𝑑 𝑖 

              𝑒𝑛𝑑 𝑗 

 

Step4:  𝑓𝑜𝑟    𝑖 ∈  𝑆, 

Find 𝑣(𝑆) via Eq. (2); 

             end for 

 

Step5: Return Step2 

Step6: 𝑓𝑜𝑟    𝑖 ∈  𝑆, 

Compute the Core via Eq. (1); 

end for 

Step7: Return Step 6. 

4. Case Study: Fuel & Power Optimization at Wassit Thermal Station  

This section applies the previously introduced optimization problem to analyze the fuel supply and electric 

power generation processes at the Wassit Thermal Station (Fig. 1). Located in the Al-Zubaidiyah district of 

Wassit, this facility is among Iraq’s largest power stations, designed to produce 2540 MW per day over a 24-

hour operation. The station comprises six oil (gas) fired units—four of 330 MW and two of 610 MW—totaling 

an installed capacity of 2540 MW. Developed by the Ministry of Electricity, the project is Iraq’s largest thermal 
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power plant, generating 18 billion kWh annually from its six units, which accounts for nearly 20% of the 

national power output and significantly alleviates the country's electricity supply challenges..   

 
Figure 1. The Wassit thermal station. 

This section examines the optimization problem for the processes at the Wassit Thermal Station (Fig. 1). Data on 

fuel supply and electric power production—including station capacity, gate fees, and transportation costs—were 

sourced from the station (see Table 1). 

Table 1. The data on fuel supply and electric power production in Wassit thermal station. 

𝑾𝒊
𝒑
 𝑪𝒊𝒋

𝒕  𝑪𝒋
𝒈

 𝑾𝒋
𝒄 

𝑾𝟏
𝒑

= 𝟑𝟏𝟒𝟒𝟕BBL 𝐶11
𝑡 = 2250 𝐶1

𝑔
= 1000 𝑊1

𝑐 = 2540𝑀𝑊 

𝑾𝟐
𝒑

= 𝟒𝟒𝟎𝟐𝟓BBL 𝐶12
𝑡 = 2450 𝐶1

𝑔
= 1000 𝑊1

𝑐 = 2540𝑀𝑊 

𝑾𝟑
𝒑

= 𝟓𝟎𝟑𝟏𝟓BBL 𝐶13
𝑡 = 2500 𝐶1

𝑔
= 1000 𝑊1

𝑐 = 2540𝑀𝑊 

𝑾𝟒
𝒑

= 𝟒𝟒𝟎𝟐𝟓BBL 𝐶14
𝑡 = 2200 𝐶1

𝑔
= 1000 𝑊1

𝑐 = 2540𝑀𝑊 

 

In the Wassit thermal station, there are four the fuel supply producers: The first is the Al-Ahdab oil field (AOF), 

the second is Badra oil field (BOF), the third is Al-Gharraf oil field (GOF), and the fourth is East Nahrawan oil 

field (NOF). Therefore, the set of producers is N= {1,2,3,4}, and there is only one station, which is the Wassit 

thermal station (i.e.  M={1}). 

The characteristic functions for all coalitions of the fuel supply producers, S ⊆ N={1,2,3,4}  are computed by the 

optimization problem as mentioned above in Section 3, as shown in Table 2.   

Table 2. The characteristic value for the fuel supply producers. 

Coalitional set of oil fields {∅} {1} {2} {3} 

(𝑵, 𝒗) 0 102.2027 151.8862 176.1025 

Coalitional set of oil fields {4} {1,2} {1,3} {1,4} 

(𝑵, 𝒗) 140.88 254.089 278.3052 243.0827 

Coalitional set of oil fields {2,3} {2,4} {3,4} {1,2,3} 

(𝑵, 𝒗) 327.9887 292.7662 316.9825 430.1915 

Coalitional set of oil fields {1,2,4} {1,3,4} {2,3,4} {1,2,3,4} 

(𝑵, 𝒗) 394.969 419.1832 468.8687 571.0715 
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By using the values in Table 2 and entering them into algorithm 1 of Section 3, the Core value for each fuel 

supply producer is shown in Table 3 and illustrated in Figure 2.  

Table 3: The Core values of fuel supply producers. 

Producer 𝒊 = 𝟏(AOF) 𝒊 = 𝟐(BOF) 𝒊 = 𝟑(GOF) 𝒊 = 𝟒(NOF) 

𝑪𝒐𝒓𝒆(𝑵, 𝒗) 102.203 151.887   176.103   140.88 

 

Figure 2. The core values of fuel supply producers. 

5. Comparative Analysis of Results 

To demonstrate the efficiency of the suggested model for enhancing fuel supplies and electricity generation at 

the Wasit Thermal Power Station, we compared the fuel suppliers at the station based on their preference 

relations and financial stability. Our analysis ensured that the distributions enable any group of stakeholders to 

enhance their position. Table 3 displays a comprehensive list of the fuel providers for the Wasit Thermal Power 

Station using the core value of each fuel supply producer.  

We can compare fuel supply producers at Wassit thermal station through the preference relationship ≻. 

According to the preference relationship ≻, the four fuel supply producers will be ranked according to their 

contribution to the Wassit thermal station as shown in the Table 4. We conclude that the third fuel supply 

producer (i=3(GOF)) has the greatest ability to influence the outcome of the game and its contribution to the 

Wasit Thermal Power Station will be greater than the rest of the fuel supply producers. 
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Table 4: The comparative analysis of fuel supply producers through the preference relationship ≻. 

Producer i=3(GOF) ≻   𝒊 = 𝟐(𝑩𝑶𝑭) ≻ 𝒊 = 𝟒(𝑵𝑶𝑭) ≻ 𝒊 = 𝟏(𝑨𝑶𝑭) 

𝑪𝒐𝒓𝒆(𝑵, 𝒗) 176.103 ≻151.887 ≻ 140.88 ≻ 102.203 

 

Following the presentation on the significance of core and its connection to fuel goods, the primary concept of 

core became evident since there is no economic viability or financial gain from the departure of shareholders as a 

result of achieving stability and maximizing profit exiting the cooperative formula lacks stability. 

Upon comparing the values of v(s) with those obtained from the core, it became apparent that there is no 

advantage or gain for any participant to leave the cooperative game. This conclusion is based on the observation 

that the core values are equal to or less than the values of v(s) when the basic condition is satisfied.  

Validated on the proposed model's results generated by the survey research and analyzed during the current 

study, they are benchmarked and compared with available real-world datasets from Wassit thermal station. 

Therefore, this study found that all fuel supply producers are engaged to different extents, indicating that each 

fuel product's viability and attainment of maximum profitability contribute to its stability within the group. As a 

result, this study will greatly help professionals to formulate and improve well-structured strategies for future 

electrical energy systems. 

6. Conclusions 

This paper utilizes a basic mathematical model that applies cooperative game theory to modeling cooperation 

among power stations and fuel supply producers. As per this model, we applied the methodology to study the 

case for the fuel supply and electric power production in the Wassit thermal station in case of cooperation. The 

initial outcomes demonstrate the utilization of the core values to illustrate the daily expenditure of an electric 

power plant in a cooperative setting, where electrical energy is generated by the collaborative exportation of fuel 

supply producers from oil fields. The outcomes of the proposed methodology will greatly help professionals to 

formulate and improve well-structured strategies for future electrical energy systems.  For future research, our 

model can be extended to apply in similar contexts or how sensitive our approach is to changes in parameters 

like fuel costs, demand fluctuations, or regulatory policies. Furthermore, this approach can also address 

optimization problems in other sectors within production petrochemicals and more complicated optimization 

problems. 
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